The aim of this paper is to consider a special class of mixed boundary value problems, the so-called window problems. Using suitable transforms we derive singular integral equations. These methods lend themselves to discover how singularities arise. They show and allow a close connection between analytical methods and numerical analysis.
Introduction
Our paper is devoted to the so-called window problems of elliptic differential equations over domains in IR 2 and R. The kind of problems appear as a special class of mixed boundary value problems, where the window is a finite part of the boundary. It means that the connection with the outside only through a. window can happen. By unconventionally chosen unknown functions we will deduce canonical representations of these problems in form of perturbed singular integral equations with singular integrals over the window. We use methods of transform analysis which are different from Green's method and potential methods. These ideas go back to D.S. Jones 18J. In a similar way S.R. Bland (lJ, F. Erdogan 121 and E. Venturino 1131 transformed different problems of mechanics to singular integral equations with generalized kernels. For more complicated domains and a certain class systems of partial differential equations the previous methods to not generalize and we will use methods of quaternionic analysis. Basic ideas in this field are given in the book of K. Gürlebeck and W. Spróig 161. Finally a. numerical consideration on the singular integral equations deduced above conclude the paper.
and WC = JR' \ W. We look for a, function u = u(, y), harmonic in the interior of the set li?2 , denoted by mt 1R3,+, and which satisfies the boundary conditions 
A transform method for 3-dimensional window problems
In this section we apply the transform method of Section 2 to the case of a 2-dimensional window ina rectangular 3-diniensionaldomain. Let beff 4 = { ( z,y,z) € li',z,y,z > 0) and 1R, = {(z, y, z) E a = 0} with a € {z, y, z}. Furthermore we assume that the window W C iR+ has a positive distance from the axes. The geometric shaDe or hwindow is not yet fixed. We can now formultc thcfiv.iig ndow problem.
Wanted is a function u = u(z, y, z) harmonic in mt j3+ which satisfies the boundary conditions 
It is clear that
Using properties of the sine and cosine function, we then have
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It follows
By using Formula 3.914 in 131, i.e. Remark. The treatment of more general elliptic problems by this method at present seems far from being easy. For example, the case of the Helmholtz equation leads to integrals which cannot be expressed in closed form.
Window problems under representation of Teodorescu's transform
Now we shall consider window problems over more general domains. The natural transform here to apply is Teodorescu's transform instead of the Fourier transform. We investigate the following 3-dimensional window problem. Let be G c 1R3 a domain with Liapunov boundary r.which has been splitted into parts r, and r, r = F. U F', 8F, = E,,. Assume that F, is flat. On I', we fix the Cartesian coordinate system in such a way that the z-axis is directed in the direction of the outer normal to G in the points of F,. In this way F, is contained in the (,y)-plane. Let be w c F, a. simple connected smooth bounded open domain with dist(W, E.) > 0. Further let WC \ W. We look for a vector function u = u(x,y,z) which is harmonic in G and satisfies the boundary conditions 
Introduce the quaternionic units 1,i,j,k with
i2 = = Ic2 = -1,ij = -ii = k, j k = -kj = i,
._ ,.o+ 4w J r
Because of the boundednees of 8 1 18z in we obtain
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On the other hand we have on W
The corresponding equation on WC reads as Remark. In the system of integral equations (4.3)-(4.4) no singular integrals over the window occur. The reason for this is that O i are H-regular functions and therefore the identity 
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We see that in case of an oblique derivative the presence of singular integrals is in general unavoidable. Only very special assumptions similar to those of Section 3 can lead to integral equations without singular integrals.
Window problems of equations of linear elasticity
In hypercomplex notation the homogeneous equations of linear elasticity read 
We find immediately
Furthermore by a straightforward calculation we have
Lp0-q13
W.
Finally we get the singular integral equation over the window
The third integral is a two-dimensional singular integral of Cauchy's type over the window. On W' we obtain the weak singular equation Remark. For our transformations we need no further restrictions on the right-hand side of the equation, i.e. on the boundary condition over the window, other than continuity. If this is not the case, the present analytical derivation would not be affected, but problems in the numerical solution are likely to arise. However we do not discuss this issue in this paper.
Remark. The advantage of the derived integral equations consists in the poassibility of constructing a suitable numerical scheme as shortly remarked in Section 8.
Some remarks for determining unknown H-regular functions
In the papers 15,61 the authors have developed the method of collocation with two Hregular functions for the solution of systems of elliptic partial differential equations of the second order. We apply this method for solving the window problems discussed here. Let us start with the problem for the Laplace equation. Using this procedure we set in (4.1) where a E {z, y, z} and e1 = i, e, = j, e, = k.
Remark. For the numerical treatment of singular equations over one-dimensional windows we refer to the papers 17,9,11-131. For the multidimensional case one can find results for instance in the paper [ii] .
